Abstract-In this paper, an active modeling approach for a pneumatic artificial muscle (PAM) is being considered. The PAM's nonlinearity, hysteresis and time-varying characteristics cause difficulties in modeling its behavior and designing highperformance controllers. Here, a generalized three-element model of a PAM is proposed to obtain the reference model in the reference mode (in a given small pressure range). The equivalent state space representation of the reference model is obtained by applying the linearization approach. The model error is introduced to the equivalent state space model, and the joint estimation is adopted to estimate the system state and the model error simultaneously. Experimental studies are conducted to demonstrate the existence of the model error, and verify the necessity of introducing the model error to the reference model, and evaluate the effect of the proposed active modeling approach in changing modes (not in the given pressure range).
I. INTRODUCTION
The pneumatic artificial muscle (PAM) is a tube-like actuator that decreases in actuating length when pressurized [1] . Compared to conventional actuators (e.g., motors, hydraulic actuators, and gas cylinders), the PAM is similar to the human muscle in size, weight, and power/weight output. Moreover, the PAM has inherent compliance which makes it feasible for exoskeletons and rehabilitation robots. However, the concomitants of the compliance of PAMs are nonlinearity, hysteresis and time-varying characteristics, which render it more difficult to model and design high-performance controllers inevitably [2] .
Several researchers have proposed various mathematical models for PAMs that can be divided into two categories: theoretical models and phenomenological models [3] . The most representative theoretical model is that proposed by C.P. Chou, and was derived from the law of energy conservation [4] [5] . The most representative phenomenological model is the three-element model consisting of a contractile element, a spring element, and a damping element proposed by Reynolds [6] . Although these two models were proposed a decade ago, they have often been engaged in recent literature. For example in [1] , Andrikopoulos et al. utilized the theoretical model as force model and adopted the three-element model as dynamic model, and substituted the former into the latter as the contractile element, at last, a piecewise affine model based on combination of these two models was formulated. Although, compared to common modeling methods, the piecewise affine modeling approach can describe the dynamics of PAM more precisely, the parameters of active piecewise affine subsystems need to change according to a lookup table. This leads to higher computational cost and easily causes fluctuation when the parameters are altered.
In light of the problem of parameter alteration in [1] , a reference model with a model error was proposed as an active modeling approach to model the behavior of PAM. An active modeling method, which is an online modeling method, was first proposed in [7] . Song et al. designed an active modeling method based on a set-member filter to model unmanned helicopter dynamics. The dynamics of the subsystem in a given range of pressure was selected to build a precise reference model. The model error was introduced to the reference model to deal with situations where the latter could not precisely describe the behavior of PAM when it was beyond the stipulated pressure range. A Kalman filter was used to online estimate the system states and the model error meanwhile. In this paper, an active modeling method based on Kalman filter is proposed. This method is expected to precisely describe the behavior of PAM like the piecewise affine modeling approach in [1] . Moreover, the proposed active modeling method does not require a lookup table. Nor does it cause fluctuations due to parameter alteration.
The rest of this paper is organized as follows. In Section II, the active modeling of a PAM including the reference model, the equivalent state space representation and the model error introduction and estimation is described. In Section III, experimental studies including the reference model identification and model error estimation are presented. Finally, the conclusion is being drawn in Section IV.
II. PAM ACTIVE MODELING
In this section, a generalized three-element model is proposed as the reference model for PAM. By applying the linearization approach at the operating point, the equivalent state space representation is obtained. The model error is introduced to the equivalent state space representation of the reference model in order to realize the active modeling scheme of PAM.
A. Reference Model for PAM
Due to the nonlinearity, hysteresis, and time-varying characteristics of PAM, it is difficult to precisely describe its behavior in the entire range of pressure using only an invariable parameter model. Thus, a piecewise affine modeling approach has been proposed to increase the accuracy of the model's approximation. To this end, six piecewise affine models were studied in [1] . One of these can be selected as the reference model. The reference model is the model identified in a given small range of pressure. Therefore, the reference model was accurate in the reference mode (in the given range of pressure). However, it was inaccurate in the changing mode (beyond the given range of pressure).
In order to build a more general and effective model for PAMs, even for new functional materials, novel actuators, and emerging robotic devices as well, which have the disadvantages, such as nonlinearity, hysteresis, and timevarying characteristics, a generalized three-element model is proposed here. As shown in Fig. 1 , the damping element and the spring element contain high-order terms. The differential equation that describes the dynamics of PAM is as follows:
where
F P , and g are the displacement of the PAM, the mass of the load, the ithorder damping coefficient, the order of the damping polynomial, the ith-order spring constant, the order of the spring polynomial, the contractile force, and the gravitational acceleration, respectively. Higher orders of m and n lead to higher approximation accuracy with a trade-off against the complexity of the nonlinear system. The generalized threeelement model can completely replace the model combining the theoretical model and the three-element model in [1] when 1 m = and 2 n = .
As indicated in [6] , the damping and spring coefficients are polynomial expressions of pressure P , and can be formulated as
where N is the order of the approximated polynomial, and ik B , ik K , and k F are the corresponding polynomial coefficients. In general, the higher the order of N is, the higher approximation accuracy is, but the more complexity is.
In this paper, the orders of the damping polynomial m , the spring polynomial n , and the approximated polynomial N were selected as 1 m = , 2 n = , 1 N = , respectively, which resulted in a trade-off between approximation accuracy and model complexity. And the model of a PAM can be represented as follows:
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The operating point 0 x depends on the applied nominal pressure 0 P under the assumption of a constant load. The linearized equations of PAM around the equilibrium point can be formulated by considering perturbations around the variables x and P , 
The addition of the term 0 0 0
Mx Sx Tx + +   on both sides of (6) yields
The equation (6) can then be written as
U t P δ = ∈ℜ, respectively. The equivalent compact state space representation of the reference model is formulated as
where ( ) 2 W t ∈ℜ is the process noise of the reference model, and the matrices are denoted as
B. Model Error Estimation
The parameters of the reference model for PAM can be identified in the reference mode and are effective in the reference mode (in the given range of pressure). However, if the identified reference model is used to describe the dynamics in a full motion envelope, the change in the modes of motion will cause the dynamics of the system to change, hence generating the model error between the actual dynamics and the reference model. The model error can be considered as additive process noise primarily due to linearization, internal and external disturbance, time-dependence of the parameters, and unmodeled dynamics.
According to [8] , when
 , the model error in the modes of motion, such as the reference mode and changing mode, can be formulated as
where ( ) h t ∈ℜ is assumed to be the process noise for actuating the model error.
According to (9) and (10), the actual system dynamics of PAM can be represented as
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where ( )
is the output of the actual dynamics, and is measurable, and ( ) 2 V t ∈ℜ is the measurement noise.
Joint estimation is a method that simultaneously estimates the system state and model parameters. During the estimation, the model parameters are considered to be system variables in order to form extended states. Thus, the parameters can be identified online when system state are estimated by a filter. In
X t online.
Let the extended system state ( )
where k X is the sampling value of ( ) X t , k X  is the sampling value of ( )
f is that of ( )
U is the sampling value of ( ) 0 U t , and k U is that of ( )
Compared with the sampling frequency (often 100 Hz for motion control) of the control system, the model error ( ) f t can be considered to be a slowly varying vector, which means
where k h is the sampling value of ( )
Then, the discrete equation from (11) can be obtained as 
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A B F C is the discrete expression of system { } , , , A B F C , s T is the sampling time of the discrete system, and k V is the sampling value of ( )
Here, a Kalman filter is adopted for joint estimation. The Kalman filter is the most well-known sequential estimation method for linear systems. A Kalman filter for state estimation was derived in [9] . With respect to (13), the Kalman filter is built as ( ) ( )
where k Q is the covariance matrix of process noise 
III. EXPERIMENTAL STUDIES
In this section, the experimental setup is described. The experiment for the identification of the reference model is done. The verification experiment for the existence of the model error due to mode change is done. And the verification experiment for the accuracy of the model error estimation due to mode change is done.
A. Experimental Setup
The experimental setup that was utilized for identifying model parameters, controlling the PAM movement and recording the motion data in this paper is shown in Fig. 2 . The setup consisted of a PAM, a proportional pressure valve, an absolute encoder, an embedded PC, EtherCAT terminals, and weight plates. The PAM utilized in this testbed was a Festo DMSP-20-400N-RM-CM fluidic muscle with 20mm internal diameter, 400mm nominal length, and operating pressure range between 0 and 6 bar. A Festo VPPM-8L-L-1-G14-0L10H-V1P proportional valve was used to regulate the pressure of the compressed air supplied into the PAM. A CHA38B10-12B-G24RS232 absolute encoder was adopted to obtain the rotational angle of the pulley, which can be converted into the displacement of the PAM. A Beckhoff CX2040-embedded PC and a few EherCAT terminals were used to construct the control system, and the programming was carried out in the Beckhoff TwinCAT2 software system. Weight plates were used as load for the PAM.
B. Experiment for Identification of Reference Model
The reference model used was a generalized three-element model whose parameters were identified in the reference mode (pressure range of 3-4 bar). The experimental process for the identification of the reference model was arranged as follows:
Step 1: Estimation of contractile force ( ) ( ) ( ) ( )
To provide independent estimation of ( ) P generated different values of ( )
The estimation result is shown in Fig. 3 . According to the changing values of ( ) Step 2: Estimation of the damping coefficient ( ) 1 B P . From (1), the dynamic model of the PAM can be expressed as follows:
The estimation of ( )
1
B P was carried out in cases of inflation and deflation. For inflation, a step response process was generated by suddenly increasing the pressure on the PAM from a low value in a steady state. For deflation, a step response process was generated by suddenly reducing the pressure from a high value in a steady state. Based on the values of ( ) 
C. Experiment for Model Error Estimation
To verify the accuracy of the identified reference model and the model error estimation, the following experiment is designed:
1. Actuate the PAM and record the motion data by sensors during the different modes;
2. Estimate the model error by a Kalman filter and add it to the reference model;
3. Compare the model output before and after the model error compensation. The experimental process of model error estimation is shown in Fig. 8 . The full mode of the PAM (pressure range of 0-6 bar) was equally divided into six modes to verify the accuracy of model error estimation during different modes. The mode (pressure range of 3-4 bar) was the reference mode, and the others were changing modes. Experimental results for the six modes are shown in Fig. 9 . The mean and variance of the model output error before and after model error compensation in the six modes are shown in Fig. 10 . The results show that the output of the reference model (red dotted line y1) was accurate in the reference mode. Furthermore, the farther the changing mode deviated from the reference mode, the more inaccurate the reference model became. This result verified the existence of model error in changing modes, and indicated the necessity of the introduction of the model error. Moreover, the results showed that the output of the reference model (red dotted line y1) could not describe the output of actual dynamics of the PAM (blue solid line y) due to mode changes. However, following compensation, the active modeling output (green dotted line y2) was very close to the output of actual dynamics (blue solid line y). This result indicated that the proposed estimation method based on the Kalman filter could accurately obtain the model error when mode-changing, and the active modeling approach could precisely describe the dynamics of the PAM.
IV. CONCLUSION AND FUTURE WORK
In this paper, the active modeling approach based on Kalman filter for PAM has been proposed. A generalized three-element model of a PAM was proposed to obtain the reference model in the reference mode. And the equivalent state space representation of the reference model was obtained.
The model error was introduced to the equivalent state space model. Joint estimation based on Kalman filter was adopted to estimate the system state and the model error simultaneously. Multiple experimental studies were conducted to identify the parameters of the reference model, and to investigate and evaluate the accuracy of the reference model and the model error estimation in six modes as well. The experimental results verified the existence of the model error due to mode change, and showed that the accuracy of the model output was significantly improved after compensating the model error to the reference model output in the changing modes. This result indicates that the proposed active modeling approach can precisely describe the dynamics of the PAM, and it is a promising approach for the systems, like a PAM, which have the disadvantages of nonlinearity, hysteresis, and time-varying characteristics.
In our future work, the proposed active modeling approach will be utilized to design an active modeling based controller for a PAM.
